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Introduction 



0.1. Let k be an algebraically closed field of characteristic p > 0. Let G be a 
connected reductive group over k. Let G be the set of (isomorphism classes of) 
character sheaves on G. (Recall that the character sheaves of G are certain simple 
perverse sheaves on G (see [L8]) which are equivariant under G-conjugation.) In 
this paper we are interested in studying the restriction of a character sheaf of G to 
a conjugacy class of G. For g E Glet g = gsgu = 9u9s be the Jordan decomposition 
of g {gs is semisimple, gu is unipotent). For a subset R of G let Rs = {gs',9 & 
Ru = {gu'i 9 ^ The set G can be naturally partitioned into equivalence classes 
called families as in [L9, 10.6] and (assuming that p is not a bad prime for G) to 
each family ^ one can attach a unipotent class C = of G as in [L9, 10.5] so 
that the following property holds (see [L9, 10.7]). 

(a) If D is a conjugacy class of G such that dim > dim C and 7^ C then 
^Id = for any A E There exists a conjugacy class D of G and A G 5^ such 
that Du = C and A\d 7^ 0. 

Note that (a) characterizes C uniquely. (Actually, in [L9], p is assumed to be 
sufficiently large or but from this the case where p is only assumed to be not a 
bad prime can be deduced by standard methods.) If A E G belongs to a family ^, 
the unipotent class is said to be the unipotent support of A. 
We now state the following refinement of (a). 

Theorem 0.2. Assume that p is not a bad prime for G. Let = C^g he as 
above. Let D be a conjugacy class of G such that = C. Then for any A E ^ 
we have A\d = C[dim.{D) + c] where C is a local system on D and c G N depends 
only on A, not on D. 

The proof is given in §1. 

0.3. Recall that in [L4, 3.1] we have defined a partition of G into finitely many 
locally closed smooth irreducible subvarieties of G invariant by conjugation (called 



Supported in part by National Science Foundation grant DMS-0758262 



1 



Typeset by Aj^-Te^ 



2 



G. LUSZTIG 



strata). From the definitions we see that if y is a stratum of G then is a single 
unipotent conjugacy class of G. We have the following result. 

Corollary 0.4. Assume that p is not a bad prime for G. Let A he a character 
sheaf on G and let Y he a stratum of G. Let ^ he the family in G that contains A 
and let C = C^. 

(a) //dimy„ > dimC and Yui^C then A\y = 0. 

(h) IfYu = C then A\y is a local system (up to shift). 

(a) follows immediately from the definition of C. We prove (b). Since all 
conjugacy classes contained in Y have the same dimension, we see from Theorem 
0.2 that there exists z G Z such that W A\y = for j ^ i. It remains to show that 
WA\y is a local system. This follows from [L7, 14.2(a)]. 

0.5. Notation. Let B be the variety of Borel subgroups of G. We write B x B = 
U^^wDw where D-^iw G W) are the orbits of G acting on B x B hj simultaneous 
conjugation and W is the Weyl group (it is naturally a finite Coxeter group with 
set of simple refiections S). Let B* be a fixed Borel subgroup of G and let T* be 
a fixed maximal torus of B*. The parabolic subgroups of G containing B* are in 
natural bijection J -ir^ Pj with the subsets J C S; thus = B*,Ps = G. For 
J C S let Lj be the unique Levi subgroup of Pj such that T* C Lj. 

If P is a parabolic subgroup of G we denote by Up the unipotent radical of 
P and by TTp : P — > P := P/Up the canonical liomomorphism. For an affine 
algebraic group H let be the identity component of H; let Zh be the centre of 
H. We denote by I a prime number invertible in k. All sheaves (in particular local 
systems) are assumed to be Q^-sheaves. For a group A and (7 G A let Z^{g) be 
the centralizer of (7 in A. If A is finite we denote by IrrA a set of representatives 
for the isomorphism classes of irreducible representations of A over Q;. 

If k is an algebraic closure of the finite field Fp with with p elements and q is 
a power of p we denote by Fg the subfield of k with q elements. 

0.6. In §2 we describe a parametrization of the unipotent character sheaves of G 
(suggested by Theorem 0.2) in terms of restrictions to various conjugacy classes 
assuming, that p is not a bad prime. This description fails in bad characteristic. 

In §3 we establish a canonical bijection between the set of unipotent character 
sheaves on G and the set of unipotent representations of a split reductive group 
of the same type over a finite field (here there is no restriction on p). In fact both 
sets are put in canonical bijection with a combinatorially defined set ©w defined 
purely in terms of the Weyl group W. 

0.7. Now assume that G has connected centre and let £ be a local system of rank 
1 on T* such that = for some m > 1 invertible in k. Let Gc be the subset 
of G defined as in [L8, 4.2]. Then the method in §3 can be extended to give a 
canonical bijection of Gc with ©w^ where is the stabilizer of C in W. 
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1. Proof of Theorem 0.2 

1.1. A cuspidal pair for G is a pair where E is the inverse image under 
G G/ Zq of an isolated conjugacy class in G/ Zq and £^ is a local system on S 
such that for some n > 1 invertible in k, 

£ is equivariant for the G x Zq action {g, z) : z'^ggig~^ on 

for any parabolic subgroup P ^ G and any y ^ P^-v^e have i^f (7rp"'^(y)nS, £) = 

where S = dim(S/ZQ) — dim(P) + dimZp(y). 

(See [L4, §2]). 

An induction datum for G is a triple (L, E, £) where L is a Levi subgroup of a 
parabolic subgroup of G and (E, is a cuspidal pair for L. Given an induction 
datum (L, S, £) for G we set 

E^ = {5reE;ZG(^.)°CL} 

Y = {{g, xL) e G X G/L; x~'^gx G E^} 

Y ^ {{g,x) e G X G; x~^gx e E^.}. 
We have a diagram 

E Y — > Y ^) Y 

where a{g,x) = x~^gx, P{g,x) — {g,xL), 7T{g,xL) — g. The local system a*£ 
on Y is L-equivariant for the action of L on y given by I : {g,x) i— )■ {g,xl~^) 
hence it is equal to /3*E for a well defined local system £ on Y. Now is a well 
defined local system on Y (a locally closed smooth irreducible subvariety of G). 
Let K — IC{Y, n\S) extended to G by on G — y. Here Y is the closure of Y in 
G. We set /o = dimF = dimG — dimL + dimE. Note that K[fo] is a perverse 
sheaf. 

1.2. Let o" G G be a semisimple element which is G-conjugate to an element of 
E^. Let M = {x e G;x-^ax G EJ. We have M ^ 0. Let F = Z^{a)\M/L, a 
finite nonempty set. The group We {y G G;yLy~^ = L,y'Ey~^ = E} acts on 
T hy y : r] r]y~^ . This induces an action of the finite group We = VVs/L on F. 

For any a; G M let L^; = xLx~^ fl Zq((t); this is a Levi subgroup of a parabolic 
subgroup of Zq{(t). Let Cx = {v E Zq{(t);v unipotent ,x~^(tvx G E}; this is 
a unipotent class in ^^(cr), see [L6, 7.11(c)]. Let E^; = Zl^Cx- Let Sx be the 
local system on E^^ obtained as the inverse image of S under the map E^: — )■ E, 
g x~^agx. Then CEx^^x) is a cuspidal pair for Lx- (See [L6, 7.11(a)].) The 
definitions in 1.1 are applicable to Zq((j), La;, Ea;, fx instead of G,L,T,,E. Let 
TTx ■ tY^ YJ^,Yj^,£xi Kx be obtained from tt : y — > y, y, ^, K in 1.1 by replacing 
G, L, E, £^ by Z^i^a), Lx^T^x-i^x- We set / = dimy^ = dim Z'Q(cr)— dimLa;+dim E^^; 
this is independent of the choice of x in M (it is in fact equal to dim Z^(a)— dimL+ 
dimE, see the proof of [LIO, 16.10(b)]). Note that Kx[f] is a perverse sheaf on 
Zq{(7) with support equal to Y^. 
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For any 77 e F (viewed as a subset of M) we choose a base point Xr, E rj. We set 

Lt} = 1 = Cx^ 1 = Tixr, 1 '^n = T^Xr, 1 ^77 = ^Xr, ' 

^T} ~ ^Xn 1 ~ Xr, 1 ~ ^3;n i ^77 = ^Xr, 1 ~ • 

1.3. Let il be the set of aU open sets U in ZQ{a) such that 

leU; 

gUg-^ = U for all g e 

for X e Z^ia^ we have x e W if and only if x^ G U. 
For example, ZQ^a) G il. 

Let W G il. For 77 G F we set 

Yu,r, = {{9^ xL) eY;g e aU, xE r/}, 1^,^ = 7r(lw,^). 
Let y G We,?7 e F. If (gr, xL) G Fw,^ then {g,xy~^L) G hence 1^,^-^ = 

liY,??- Thus for any Ws-orbit Z in F we can set lw,z = ^,t/ where ri is any element 
in Z. For Z as above we set Vz = n^ezi<jiY^ f^U) D Yu,z)- Let V = VJzVz where 
Z runs over the Ws-orbits in F. For 77 G F let [rj\ be the Ws-orbit of rj in F. 

As shown in [L10,§16] (see also [L6, §8]), for any Ui G il we can find G il with 
U <ZU\ so that (a),(b),(c) below hold. 

(a) V is an open subset of Y Hali of pure dimension / and the Vz {Z runs over 
the Ws-orbits in F) form a finite partition of V into open and closed subsets; V is 
open dense in F flcrW = Ur^evc^^Y^l^U); for ?7 G F, a~^V[^] is open dense in Y^nU. 

(b) Let = {{g,xL) EY;g E V}. For 77 G F let ^Y^ = {{h,zLr^) E E 
a"~^V[^]}. We have a commutative diagram 

LJ?7er Ir) ^ ^ 

a-^V — ^ V 

where a is the isomorphism given by {h, zL^j) i->- (ag, zXrjL), e{h) = ah and the 
vertical maps are given by the first projection. 

(c) The canonical isomorphism 

©^er(7rr,!^r,)U-iV[^] ^ e*{{7ri£)\v) 

of local systems over a~^V obtained from (b) (where (7r^!£^)|o.-iyj^j is extended 
by on a~^Vz' for Z' ^ [77]) extends uniquely to an isomorphism 

where e' : W — > aU is (7 1— )> ag. 

(The uniqueness follows from the definition of the intersection cohomology com- 
plex.) 
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Proposition 1.4. Let E be a semisimple class of G. Let E = {g e G; gs E E}. 

Let L,Ti,£,Y,Y,K, fo be as in 1.1. Let c = dimZ£. Then K\^[fo — c] is a 
semisimple perverse sheaf. 

Let a E Eg. If cr ^ then clearly = 0. Thus we can assume that a EYg. 
It follows that a is as in 1.2. Let S be the set of unipotent elements in Zq{(t). 
Note that crS C E. It is enough to show that K[f — c\\aE. is a semisimple perverse 
sheaf where / is as in 1.2. (Note that dim(G/ZQ((j)) — fo — f ■) With notation of 
1.3(c) we have 

(a) ®r,evKr,\K^e"*{K\,^) 

where e" : S ^ aS is g ^ erg. (We use that S C U.) We see that it is enough to 
show that for any G F, Kr^\^[f — c] is a semisimple perverse sheaf. We define a 
local system E}^ on = = 2^Cn {Crj as in 1.2) as Kl (£^r;|ixC„) where 

Qi is viewed as a local system on Z^. We define in terms of ^■^(cr), L^, S^, 
in the same way as K was defined in terms of GjLjYljS in 1.1. Prom [LIO, 15.2] 
we see that there is a canonical isomorphism 

(b) iK,)\s ^ iK'^)k. 

It is then enough to show that K^\s[f — c] is a semisimple perverse sheaf. But 
this follows from [L4, (6.6.1)]. The proposition is proved. 

1.5. Remark. In the special case where i? = {l}, L = Sisa maximal torus of G, 
^ = Qi) the proposition above reduces to a result in [BM]. 

Corollary 1.6. Let A be a character sheaf of G and let E,E be as in I.4. Then 
for some integer m, A\^[m] is a semisimple perverse sheaf. 

We can find L, E, 5, y, 1", i^T as in 1.1 such that A is a direct summand of -ftr [/o] 
(/o as in 1.1). Hence c] is a direct summand of i^|^[/o — c] which by 1.4 is 

a semisimple perverse sheaf. It follows that 74|^[— c] is itself a semisimple perverse 
sheaf. 

1.7. We prove Theorem 0.2. Let A e Let C = C^. We can find L, E, 8, F, F, K 
as in 1.1 such that ^ is a direct summand of -P^[/o] (/o as in 1.1). We can also 
assume that E is irreducible. Let a e Dg. If cr ^ K, then clearly i^j^) = hence 
A\d = 0. Thus we can assume that cr G Yg. It follows that cr is as in 1.2. Let S be 
the set of unipotent elements in Zq[(t). By the proof of Proposition 1.4 and with 
the notation there we have 

e"*{K\,^)[f - c] ^ ®nevKl[f - c]|h ^ ^1 e ^2 e . . . e 

where Ai, . . . , An are simple perverse sheaves on S, equivariant under conjugation 
by Z%{a). Since e"*{A\^^)[f - c - /o] is a direct summand of e"*(i^a=)[/ - c] it 
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follows that e"*{Aa-^) [/ — c — /o] is isomorphic to a direct summand of ® ^2 ® 
. . .® An hence 

(a) e"*{A\^s)[f -c-fo]= ®jejAj for some J C [l,n]. 

Now for each j E J there is a unique unipotent class Cj of ZQ^a) such that Aj\cj 
is of the form £j[dimcj] where Cj is an irreducible local system and Aj\c' = for 
any unipotent class c' of ZQ(a) such that c' ^ cJ. It follows that for any unipotent 
class c of ZQ{a) we have 

(b) e"*{A\^c)[f -c-fo]^ ®jej,ccc--c,Aj\c ® ©jej;c=c,£i[dimc]. 

Now assume that c is a unipotent class of ZQ{a) such that c C C. Assume that 

(C) ©j,£j.c(37-_(;j.Aj|c 7^ 

that is, there exists jo e J such that c C c^ — c^q, Aj^lc ^ 0. Using (a) we deduce 

The last direct sum contains as a summand Aj^\cj^ = jCj^ldimCj^] 7^ hence the 
whole direct sum is 7^ and e"*{A\^,.J[f - c - %] ^ 0. Thus A\^Cj^ ^ 0. Let 
c be the unipotent class of G that contains Cj^ . Since c C 'cj^ — Cj„ , we see that 
C C c — c. If is the conjugacy class of G that contains crCjg we have D'^ = c, 
dimD'^ > dimC. Hence by by 0.1(a) we have Ad' = so that ^lacj^ = 0, a 
contradiction. Thus the assumption (c) cannot hold so that the direct sum in (c) 
is zero and (b) reduces to 

e"*{A\^c)[f -c-fo] = ©,ej;c=c, A[dinic]. 

We see that A\ac[f — c — fo — dim c] is a local system. Applying this to c equal to one 
of Ci, C2, • • • , Cr, the unipotent classes in ZQ{a) that are contained in C and satisfy 
{g e D;gs = a} ^ (TC1U0-C2U. . .UaCr we deduce that A|crciu...uo-c^[/-c-/o -c^] is 
a local system. (Here d = dim Ci = ■ ■ ■ = dim c^; note that permuted 
transitively by Zg{(j) hence have the same dimension). It also follows that A\i)[f~- 
c — fo — d] is a local system. We have fo — f + d = dim.{G / ZQ{a)) + d = dim(D). 
Hence dim(D) — c] is a local system. Theorem 0.2 is proved. 

1.8. The following result can be proved in the same way as Theorem 0.2 with no 
restriction on p. 

Let A E G. Assume that Cq is a unipotent class of G such that the following 
holds: if D is a conjugacy class of G such that dimD^ > dim Co and Du 7^ Co 
then A\d — 0. Then for any conjugacy class D of G such that Du — C we have 
A\d = jC[dim{D) + c] where C is a local system on D and c e N depends only on 
A, not on D. 

1.9. The local system C which appears in Theorem 0.2 can be reducible. For 

example if G is of type B2 (resp. G2) and p is not a bad prime for G then 
there exist character sheaves on G with unipotent support equal to the subregular 
unipotent class C in C whose restriction to C is (up to shift) the direct sum of Q/ 
and an irreducible local system of rank 1 (resp. 2). 
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2. UNIPOTENT CHARACTER SHEAVES 

2.1. FoTW G WletF«, = {{9,B) G GxB; {B,gBg-^) e Oyj} and let tt^ : ^ G 
be the first projection. Let G'^'^ be the subset of G consisting of unipotent character 
sheaves that is, those character sheaves on G which appear as constituents of the 
perverse cohomology sheaf PH^{7rw\Qi) for some w e W, z e Z. Note that G"" is 
a union of famihes of G. In fact, as in [L8, 4.6], we have a partition G""^ = Uj^GjP' 
where J-" runs over the families in IrrW and for each family J-" of IrrW, GjP is a 
family of G. 

If A e G"^^ the proof of Theorem 0.2 for A simplifies somewhat. In this case 
Proposition 1.4 is only needed in the case where {L,C,E) satisfies the condition 
that £ is equivariant for the L x 2^£-action {g, z) : gi \^ zggig~^ on E (hence S 
is the inverse image under E — > Tj/Z^ of an irreducible local system on H/Z^). 
Hence if a is as in 1.2 then with notation in the proof of 1.4, for G F, the 
local system £^ on S^, is equivariant for the action of — Z\ on (left 
multiplication) hence £^ = E]^ and — K^. Thus the step 1.4(b) in the proof of 
1.4 is unnecessary in this case. 

We shall try to make Theorem 0.2 more precise in the case of unipotent character 
sheaves. In the remainder of this section we assume that p is not a bad prime for 
G. 

2.2. For a finite group A, M(A) is the set of all pairs (^r, p) where e A is defined 
up to conjugacy and p G YxxZ/^i^g^. 

2.3. In the remainder of this section we fix a family T of IrrW. Let = G'^jP' 
be the corresponding family in G""^. In this case G = is the special unipotent 
class of G such that the corresponding Springer representation of W belongs to 
T. Let Sc be the set of conjugacy classes D in G such that = G. Let a; G G. 
Let A{lS) = Zg{oj)IZ^{oj) and let A = A{lS) be the canonical quotient of Aiuj) 

defined in [L3, (13.1.1)]. Let Zg{uj) — > A{uj) — )■ A be the obvious (surjective) 
homomorphisms; let j = hj' : Zq{u) — > A. Let [A] be the set of conjugacy classes 
in A. For D G Sc let (p{D) be the conjugacy class of j{gs) in A where g E D 
is such that gu — oj; clearly such g exists and is unique up to Z'G(ci;)-conjugacy 
so that the conjugacy class of j{gs) is independent of the choice of g. Thus we 
get a (siujcctivc) map : Sc — > [A]. For 7 G [A] we set Sc-y = We 
now select for each 7 G [A] an element G 7. Let D G Sc-y, £ G 1yyZ^{xj). 
We can find g E D such that g^ = u),j{gs) = 2^7 (and another choice for such 
g must be of the form bgb~^ where b G Zc{oj), j{b) G Z'A(x-y)). Let £^ be the 
G-equivariant local system on D whose stalk at ^1 G D is {z G G; zgz~^ = gi} x£ 
modulo the equivalence relation (z,e) ~ {zh~^ , j{h)e) for all h G Zoig)- If g is 
changed to gi = bgb~^ {b as above) then £^ is changed to the G-equivariant local 
system on D whose stalk ai g' E D is {z' G G] z' giz'~^ = g'} x S modulo 
the equivalence relation {z',e') ~ {z'h'~^ , j{h')e) for all h' G Z{gi). We have an 
isomorphism of local systems which for any g' e D maps the stalk 
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of at g' to the stalk of at g' by the rule {z, e) {zh~^ , j{h)e). (We have 
zh~^gibz~^ = zgz~^ = g'.) This is compatible with the equivalence relations. 
Thus the isomorphism class of the local system E^ does not depend on the choice 
of g. 

Using the methods sketched in [L12, §4] one can prove the following refinement 
of Theorem 0.2. 

Theorem 2.4. (a) Let A e GjP. There exists a unique 7 G [A] and a unique 
E e IrrZA(a;^) such that 

(i) ifDe Sc,y, we have A\d = ^^[dim(L>) + c] (c as in 1.7). 

(a) if D & '5c,7' with 7' G [A] — {7}, we have K\d — 0. 

(b) The assignment A ^ (7,^) in (a) defines a bijection G'^ M(A). 

3. Parametrization of unipotent representations 
and of unipotent character sheaves 

3.1. Let (W, S) be a Weyl group. Let n= \S\. Let uw be the number of reflections 
of W. For any subset J of we denote by Wj the subgroup of W generated by 
J. Assuming that W is irreducible or {1} we define a set as follows. 

liW ^ {1} we have 6^ = {!}. 

If W is of type An{n > 1) we have = 0. 

If W is of type Bn or Cn (n > 2) we have = {(-1)^/^} if n = k'^ + k for 
some integer A; > 1 and = 0, otherwise. 

If W is of type n > 4 we have 6^ = {(—1)"^^} if n = 4/c^ for some integer 
k > 1 and = 0, otherwise. 

If W is of type Ee then 6°^. = {C G Q^; (C' - 1)/(C - 1) = 0}. 

If W is of type Er then 6°^. = {C G Q,; (C^ - 1)/(C' - 1) = 0}. 

If W is of type Es then e^, = {( e Qi, {(^ - l){z^ - - 1)/(C' - 1) = 0} 
with C = 1 appearing twice as C = 1' and C = 1". 

If W is of type F4 then 6°^. = {C G Q^; (C^ - l){z^ - l){z^ - l)/{e - 1) = 0} 
with C = 1 appearing twice as = 1' and ( = 1". 

If W is of type G2 then 6°^. = {C G Q^; (C' - - 1)/(C - 1) = 0}. 
The exponents 4,5,6 which appear in type Eg satisfy: 4 = n/2, 
5x6 = Coxeter number of W, 4x5x6 = z/vk- 

The exponents 2,3,4 which appear in type F4 satisfy: 2 = n/2, 
3x4 = Coxeter number of W, 2x3x4 = i^w 

If W is not irreducible or {!}, we define @^ = 6^^ x...x(3^^ where W = 
Wi X . . . X Wr with Wi,. . .,Wr ireducible Wcyl groups (r > 2). 

Assume now that W is irreducible or {1}. If J C 5" and ©^^/^ 7^ then Wj is 
irreducible or {1} and for any J' G S such that J G J' , conjugation by the longest 
element Wq of Wjf leaves J stable; using [LI, 5.9] it follows that the involutions 
c/i '■= Wq^^Wq = WqW^^^ {h G S — J) generate a subgroup of W which is itself a 
Weyl group denoted by W^^"^ . For h ^ h' in S — J the order of crhcrh' is equal to 
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W^/"^ is a complement to Wj in the normalize! of Wj in W.) Let &w be the set 
of all triples (J, e, C) where JGS,ee IiiW^/'^, ( e &Wj- 

We have an imbedding 

6^ Bw, C ^ (S, 1, C). (Note that W^/^ = {1}.) 

If W is not irreducible or {!}, we define &w = &Wi x ■ ■ ■ x &Wr. where W = 
Wi X . . . X Wr with Wi,. . Wr ireducible Weyl groups (r > 2). 

3.2. Now assume that k is an algebraic closure of the finite field Fp with p elements 
and that G has a fixed F^-split rational structure with Frobenius map F : G ^ G. 
We also assume that F{B*) = B*, F{T*) = T*. We fix a square root ^ of g in Q^. 
Now F induces a map F : B ^ B. For any e W let X„ = {S e B; {B, F{B)) e 
O-u)} (see [DL]). Now G^ acts on by conjugation hence there is an induced 
action of G^ on Hl{X^, Qi) for z G Z. Also Xy^ is stable under F : B —t- B hence 
the linear map F* : Hl{Xyj, Q;) — )■ H^X^, Qi) is well defined for any i. For any 
fj, e Q* let Hl{Xw, Ql)^J, be the generalized /x-eigenspace of this linear map; it is 
a G^-submodule of Hl{Xwi Q/)- Let il^ be the set of all p e IrrG^ such that p 
appears in the G^-module Hl{X^, Q;) for some w G W, i G Z. (This is the set of 
unipotent representations of G^ .) For any p G ilg and any w G W we denote by 
(p : Rw) the multiplicity of p in the virtual representation ^^(— l)*i/^(X^, Q;). 

According to [L2, 3.9] for any p G ilg there is a well defined coset fp of Q* 
modulo its subgroup {q^; r E Z} such that whenever p appears in the G^-module 
Hl{X^, Qi)^ (with z G Z, 10 G W, /i G Q*) wc have /i G f^; now fp is contained in 
a unique coset (denoted by Tp) of Q^* modulo {^/q^; r G Z}. 

Let ilg be the set of all p G ilg which are cuspidal. We have the following 
result. (In the case where W is of type Eg (resp. F4) we denote by an 
element of W whose characteristic polynomial in the reflection representation W 
is (X^ -X^ + 1)2 (resp. {X^-X + l)^).) 

Theorem 3.3. Assume that G/Zq is simple or {1}. There exists a unique bijec- 

tion ^ ilg with the following properties. // p G 11^ corresponds to ( E 
then C G Tp. If in addition Gj Zq is of type Eg or F4 and p' (resp. p" ) in il^ 
corresponds to V (resp. 1" ) in then (p' : R^^) = 1 and {p" : Rw^) = 0. 

This follows from [L3, 11.2] and its proof. 

3.4. Now let J C S and let po be a unipotent cuspidal representation of Lj. Then 
Lj/Zl ^ is simple or {1} hence by 3.3 applied to Lj, po corresponds to an element 
C G ©Wj- -^(•^5 C) be the representation of G^ induced by po viewed as a 
representation of Pf . This is a direct sum of irreducible representations in it^; the 
set of all p G iXq which appear in /(J, () is denoted by Itq, According to [L2, 
3.26], the set itg,,/,(^ is in natural bijection with the set of irreducible representations 
of a Hecke algebra (a deformation of the Weyl group W^/"' in 3.1 with parameters 
being powers of q explicitly described in [L2, p.35]); hence it is in natural bijection 
with the set IrrW^/"^ (here we use our choice of ^/q). We have the following result. 

Corollary 3.5. Assume that G/Zq is simple or {1}. There exists a unique bi- 
jection ©w — > 'with the following property. If p E ilq corresponds to (J, e, () E 
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<3w then p e (^n-d p corresponds as above to e E IrrW®/"^. 

3.6. We now drop the assumption on k made in 3.2. Let A be a simple perverse 
sheaf on G which is equivariant for the conjugation G-action on G. We define an 
invariant £ Q* (a root of 1) as foUows. We can find an open dense subset N 
of the support of A which is invariant under conjugation by G and an irreducible 
G-equivariant local system C on N such that A\]^ = C[S], S = dimA^. li g & N 
then Zq^q) acts naturally and irreducibly on the stalk Cg. Since g is in the centre 
of Zaig)-, it acts on Cg as a nonzero scalar which is independent of the choice of 
g and is denoted by Xa- In particular A a is defined for any character sheaf A on 
G. (I have found this definition of Xa in the late 1980's (unpublished); it was also 
found later in [E]. The definition makes sense also when G is replaced by a finite 
group r and A is replaced by an irreducible vector bundle on F equivariant for 
the conjugation F-action; in this case the definition appears in [L3, 11.1] and it 
inspired my later definition for character sheaves.) 

Let be the set of all character sheaves in G"" (see 2.1) which are cuspidal. 

For A e G""' and w eW we set 

{A : ICy,) = ^(-1)^^^™^+^ (multiplicity of A in ^H^-k^^Qi)) 

iGZ 

where Tr^! is as in 2.1. We have the following result (with as in 3.2). 

Theorem 3.7. Assume that G/Zq is simple or {1}. There exists a unique bi- 

jection (3^ ^ QO,un ^j^ff^ ff^^ following properties. If A E G'^''""' corresponds to 
C G then C = Xa- If in addition Gj Zq is of type Eg or F4 and A' (resp. A" ) in 
QO,un corresponds to V (resp. I") in &%j then {A' : /C^ J = 1 and {A" : /C^ J = 0. 

This follows from the known classification of unipotent cuspidal character sheaves| 
and the known formulas for the numbers {A : K,yj) (when p = 2, the cleanness re- 
sults of [Lll] must be used). 

3.8. Now let J C S and let Aq be a unipotent cuspidal character sheaf on Lj. 
Then Lj/ Z^j is simple or {1} hence by 3.7 applied to Lj, Aq corresponds to an 
element C, G ©Wj- The semisimple perverse sheaf indp^^o on G (see [L5, 4.1, 4.3]) 
is a direct sum of unipotent character sheaves on G; the set of all A e G""' which 
appear in indp^^o is denoted by Gj" and is in canonical bijection with the set of 
isomorphism classes of simple modules of End(indp^ Aq) hence with IrrW®/''^ (one 
can show that the algebra End(indp^Ao) is canonically isomorphic to the group 
algebra of W^/-^). 

Corollary 3.9. Assume that G/Zq is simple or {1}. There exists a unique bi- 
jection ©w ~> G"" with the following property. If A E G'""' corresponds to 
(J, e, Q e ©w then A e G^q and A corresponds as above to e E IrrW®/"^. 
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3.10. We now return to the setup in 3.2. We assume that G/ Zq is simple or {!}. 
Combining the bijections in 3.5, 3.9 we obtain a canonical bijection G*^" ■<-> ilg. 
Here are some properties of this bijection. If ^ e corresponds to p e ilg then 

e Tp; moreover {A : K,^) = (p : R^j) for any w e W. 

3.11. Now assume that k is as in 3.2 and that G has a fixed F^-split rational 
structure with Frobenius map Fq : G — )■ G. We also assume that Fo{B*) = B*, 
Fo{T*) = T*. We fix a square root -y/p of p in Q^. For any integer t > 0, 
Fq : G —> G is the Frobenius map for an Fpt -rational structure on G so that 
the definitions in 3.2 are applicable with q — and Fq instead of F. (We set 
y/q = (a/p)*-) For w e W we write Xw,t instead of of 3.2 (thus Xu),t — {Be 
B; {B, Fq{B)) e Ow}). We want to show that in a certain sense the set G'^" is the 
limit of the sets iXpt as t tends to 0. 

For e W let Y^^t = {{9,B) e G x B; {B, gF^{B)g-^) e D^} and let 
'^w,t '■ yw,t G he the first projection. Now G acts on Y^^t by x : (g, B) 
{xgFQ{x~^), xBx~^) and on G (transitively) hj x : g xgFQ{x~^); then iVyj^t 
is compatible with the G-actions. Let G^"^ he the set of isomorphism classes of 
irreducible perverse sheaves on G which appear as constituents of the perverse 
cohomology sheaf ^H^{{7ryj^t)\Ql) for some e W,z e Z. If A e G^" then A is 
G-equivariant for a transitive G-action on G hence it is of the form £[dim G] where 
C is an irreducible G-equivariant local system on G. Since the isotropy group at 
1 of the G-action on G is G^o we see that C is completely determined by the 
(irreducible) representation of G^o on the stalk at 1 of C This irreducible repre- 
sentation is clearly unipotent and we thus obtain a bijection G""^ ■<-> Opt. (Note 
that ^H'^{{7ru)^t)\Ql) is up to shift the G-equivariant local system on G such that 
the isotropy group G^° acts on the stalk at 1 as on the G'^^o -module HI {Xyj^t, Qi) 
for some i' .) On the other hand if we now take t = then Fq becomes the identity 
map and Y^^t,T^w,t become Y^,n^ in 2.1. The definition of GJ*"^ specializes to the 
definition of G^^. In this sense the set G^"^ can be viewed as limit of the sets ilpt 
as t tends to 0. 

For w eW we define a map ■ ^ by ^ti9,B) = {g, gF^{B_)g-'^). 
This induces for any i an isomorphism of perverse sheaves ^H'^{{TTyj^t)\Qi) — > 
^H'^{{'Kyj^t)\Q,i)- For any /i G Q* we denote by '^H'^{{'Kw,t)\Q,i)^i the generalized 
p-eigenspace of the last isomorphism. From the definitions we see that if r G ilp* 
corresponds as above to A G G^^ then we have /J, E Tp whenever A is a constituent 
oiPW{{n^^t)\Qi)tx for some w,i. 

When t is replaced by 0, the cosets of Q* modulo its subgroup {^/p*^^,r G Z} 
become just the elements of Q^* and for w G W the map $t : Yw,t — > Yw,t becomes 
the map '■ Y^w Y^ given by {g,B) = {g, gBg~^). This induces for any i an 
isomorphism of perverse sheaves pH^{'k^\Qi) — > pW^h^iQi) denoted again by $t. 
For any p G Q;* we denote by ^H^{t^w\Q,i)h generalized p-eigenspace of the last 
isomorphism. One can check from the definitions that if ^ G G*^" is a constituent 
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of PW{TT^u\Q,i)f^ then fx = Xa- On the other hand can be viewed as the hmit 
as t tends to of the coset Tp where p G iipt corresponds to A. 

3.12. Now assume that G is the identity component of a possibly disconnected 
reductive group over k and that is a connected component of that reductive 
group. Then the notion of character sheaf on G^ is weU defined (see [L8].) Let A 
be a character sheaf on G^. Then to A we can associate a root of 1 A^i G Q;* as 
in 3.6. More precisely let d be an integer > 1 such that g*^ E G for any g E G^. 
Note that A is a simple perverse sheaf on G^, G-equivariant for the conjugation 
action of G on G^. Let be an open dense subset of the support of A which is 
invariant by G-conjugation and is such that A\n is up to shift a local system C 
If g E N then the centralizer of g in G acts naturally and irreducibly on the stalk 
Cg. Since g*^ is in the centre of this centralizer it acts on Cg as a nonzero scalar 
which is independent of the choice of and is denoted by Aa- 

Using the invariant A^^ we can find a combinatorial parametrization of the set 
of unipotent character sheaves on G^ parallel to that in 3.9. 

Similarly, the set of unipotent representations of a not necessarily F^-split con- 
nected group over Fq can be parametrized in the same spirit using the invariant 
defined in [L2, 3.9]. 
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